Abstract: The forward and non-forward Amati-Bertocchi-Fubini-Stanghellini-Tonin (ABFST) multiperipheral integral equations with pion exchange and resonance production are solved in a factorizable approximation to the kernel. The solution, which determines the Regge trajectories, is continuous at t = 0 and is analytically continued and studied for all t. In this pion exchange model, the slope of the pomeron trajectory at t = 0 is calculated and is found to have a crucial dependence on the pion mass. The ~rTr cross section is also calculated in this approximation. The behavior of the trajectories near threshold is shown to be the same as in potential theory. The t ~ + oo limits of the solution are also analyzed.
INTRODUCTION
The original multiperipheral model of ABFST [ 1, 2] although it does not incorporate Regge exchange, is still of great interest today. It provides insight into the dynamics of multiparticle contributions to unitarity. It also is used in the Schizophrenic pomeron model [3] to generate the input P'-like trajectory which is then coupled with pomeron Regge exchanges to bootstrap pomerons.
The ABFST integral equation has not been solved analytically, and approximate analytic studies of its solutions have usually been carried out with the lst-Fredholm or trace approximation [4, 5] . In this paper we solve the forward and non-forward ABFST integral equations in the factorizable kernel approximation and investigate the properties of this solution. We choose a factorizable kernel which still contains much of the singularity structure in angular momentum 1, and is continuous at t = 0, so that we can simultaneously solve both the forward and non-forward ABFST equations.
The solution gives a simple implicit equation for the Regge trajectories. With analytic methods we can readily find the dependence of the trajectories on the coupling constant and the pion mass. We can also qualitatively outline their motion in the complex I plane as a function of t. The factorizable kernel solution may also prove useful in numerical calculations to compare with the results of the trace approximation.
In the original ABFST model, the pomeron is generated by a unitarity sum over multiperipheral pion exchange amplitudes. We calculate the slope of the pomeron trajectory in this model for ap(0) = 1 and show that it has a crucial logarithmic dependence on the pion mass. We also argue that even in the more completely unitarized pomeron bootstrap models which include pomeron exchange amplitudes, the slope will also depend on the pion mass. The rrrr cross section has been calculated in the ABFST model with the trace approximation and shown to be independent of the pion mass for small pion mass [4, 1 ] . We include a calculation of the 7rTr cross section in the factorizable kernel approximation and obtain a similar result.
Although the trajectory equation for the ABFST model is derived for t ~< O, we can analytically continue it to investigate the trajectories for any t. In particular, we investigate the motion of the poles asymptotically as t ~ -+ oo and also near threshold t = 4/a 2. Near threshold we find that the non-leading or complex poles converge to the point l = -~-at t = 4/12 and their motion is the same as that found in potential models [6] . When t approaches positive infinity, one Regge pole approaches each negative integer, with the leading trajectory outgoing to -1. The approach is from the positive imaginary direction. This behavior of the trajectories in the ABFST model is qualitatively the same as in potential theory.
In sect. 2 we begin by presenting the factorizable kernel approximation to the forward ABFST equation. We then solve it and present the implicit equation for the trajectories. Also, we calculate the ~rrr cross section assuming that the pomeron has intercept one. In sect. 3, we formulate the factorizable kernel approximation for the non-forward ABFST equation. The approximate equation, which is diagonalized in l, approaches smoothly the forward equation as t --> 0. We solve the non-forward equation and present the equation for the Regge trajectories. In sect. 4 we calculate the slope of the pomeron at t = 0 and show its dependence on the pion mass. We also prove that in a pomeron bootstrap model, the slope of the pomeron will also depend on the pion mass. By analytic continuation of the equation for the trajectories we investigate the behavior of the trajectories near threshold in sect. 5. The behavior of the trajectories as t ~ + oo is analyzed in sect. 6. In sect. 7 we summarize our results.
FACTORIZABLE KERNEL FOR FORWARD ABFST EQUATION
We will begin by studying the forward ABFST equation in order to introduce the factorizable kernel method in the simplest case. It will also be used later to show its continuity with the non-forward approximation.
The absorptive part A(s, u, o) of the forward mr elastic scattering amplitude in the ABFST model satisfies the integral equation [1, 2, 7] (see fig. 1 )
where the inhomogeneous term I corresponds to the two pion unitarity contribu= tion, and/~ is the pion mass. The limits onth¢ u' integration are In this paper we hold u and u negative to obtain this simple integration region, u will be considered as very small. The isospin of the pion is ignored here, but the results can be directly generalized to include it. It has been shown that this equation can be exactly diagonalized in l and we def'me the partial wave amplitude Al (u , u) by [8, 9, 10] 4~u2
The absorptive part is constructed from the inversion
a~(s, u, u) (2. 3)
The result of the partial wave projection of eq. (2.1) is [8, 9, 10] 
Up to this point the equation is exact, but to solve it analytically we must make some approximation. The common one has been the trace approximation. In this paper we will apply the familiar factorizable kernel method in which the kernel is expanded in terms which are factorized in u and u'. The approximation we use is to keep only the first factorized term. In order to approximate wel! the/-plane properties we must retain the source of the singularity structure. That means we must retain the correct behavior of the kernel at the physical boundary, i.e. at the limits of integration. The ABFST kernel has the following behavior at the boundaries:
We have the following two ways to approximate the kernel and preserve much of the singularity structure of the full kernel: (I) We take for the factorizable kernel the kernel for u near zero,
since this has the correct behavior as u' ~ oo and the correct divergence as u' ~ 0. If we also consider 1ol '¢M 2, then eq. (2.6) will be reduced to
Since the factorized kernel is independent of u, At(u, v) must be independent of u and the solution to eq. (2.7) is obtained algebraically:
where
(2) We may alternatively take the convergent kernel for u' near zero,
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By taking [ul "~M 2, eq. (2.6) will be reduced to We may evaluate D(I) eq., (2.9) as a hypergeometric function
For -1 < l ~< + 1 and/22 ,~ M 2 this is approximately
There are no poles in D(/') at l = 0 or at positive integers as is apparent from its definition eq. (2.9).
The Regge poles in At(u, o) are given by D(/) = O. For Re l < O, the term proportional to ~2/M2)I is dominant and gives rise to complex poles [5, 11 ] . For Re I > 0 the leading pole is given by g2 1
The ABFST equation may be used for estimating the total n~r cross section [1, 4] . One requires that the coupling be arbitrarily adjusted to give a pomeron of inter-cept, O~p = 1, which from (2.14) requires g2 -2.
(2.15) 16n2M 2
For the residue of the absorptive part at l = 1 we need
This gives
Using the inverse transform eq. (2.3) we find for the elastic forward absorptive part at large s
(2.17)
If we assume, following Abarbanel et al., that the pomeron is an SU(3) singlet in the t-channel, then the projection to the s-channel rrTr cross section at high energy will be
form 2 = (1 GeV) 2. This is similar to the results of ref. [1] and ref. [4] and shows the independence of the cross section on the pion mass. In the ABFST model, one expects the pion propagators ~u 2-u')-2 in the kernel to enhance the region between u' = 0 and u' ~ 0 (-/a2), which indeed occurs for Re l < 0 and for complex poles. But for Re l > 0, and u' small, the kernel becomes
whose integral is large only for u' ~ 0 (-M2), and the cross section is largely independent of/a 2.
We can see from this calculation that our factorizable kernel approximation is in fairly good agreement with the trace approximation which gives [4] %rrr = 36n3/(11M2).
FACTORIZABLE KERNEL APPROXIMATION TO NON-FORWARD ABFST EQUATION
We proceed to formulate and solve a factorizable kernel approximation to the non-forward ABFST equation. Much progress has been made recently in the exact partial wave decomposition and diagonalization of this equation [9, 10, 12] . We will use the results of their partial wave projection and refer the reader to these papers for the details.
The ABFST equation and its kinematics are given in fig. 2 . Withoffmass shell t momenta u± = (P + ~0) 2, u± = (P' -+ 21 0) 2, v± = (k + 21 Q)2, we define the useful comb inations u = e 2 = ½(u+ + u_) -14 t,
We hold the off mass shell momenta negative and treat Iv÷l, Iv_l ~M 2. The nonforward ABFST equation can then be written as [9, 10] 
To make a factorizable kernel approximation we again examine the behavior at the limits of integration u' -~ 0, u' ~ _oo, and cos ~' ~ 0. As if' ~ +-½1r, the argument of the Ql function becomes infinite. Since the singularity structure ofA l will be governed by the behavior at the limits Of integration, our first approximation is to use/the asymptotic form of QI. This is also a good approximation for small u and o since the minimum value of the argument of Q! in the integral is ~ (M2/-u)~. Though these approximations may seem crude, we note that the only dependence of the kernel on t and on the pion mass is contained in the pion "propagators", and we treat these exactly. Also, the asymptotic form of QI still contains the poles in l at the negative integers.
Near the boundaries of u' we have
In order to obtain a factorizable kernel we must drop the dependence of this factor on sin ~ sin ~'. This is an allowable approximation since it does not affect the above boundary limits. In the inhomogeneous term we again treat lul <M 2. We then have, as in sect. 2, the two following factorizable kernel equations depending on whether we take the u ~ 0 or u' ~ 0 forms for the above factor: (1) u near zero kernel
At(t;u', ff';o, ¢), (//2 _ t/4 -u') 2 -u't sin 2 ~k' with the solution independent of u, ~, o, ~:
Al(t;u,~b;u, tp)=( M2 u) l+l + B(l+l ½) f du'
(//2 _ 14 t -u') 2 -u't sin 2 ~' Al(t; u', ~0'; o, $), (3.9) with the solution n.g 2 ).
A! = ( M2 _ u) I+ 1 D(I, t) '

(u 2 -¼ t + y)2
This is the principal result of the factorizable kernel approximation and we will analyze it in the rest of the paper. We just note that our non-forward results, eqs. (3.8), (3.10), and (3.12), when continued to t = 0 give the same results as the forward approximation eqs. (2.8), (2.11), and (2.9). We will use the result for the D function to study the Regge trajectories cfft) in the rest of the paper. The Regge poles are determined by the implicit equation
D(a(t), t) = 0. (3.13)
Although D(/, t) has been derived from the ABFST model for t ~< 0, it may be analytically continued to t > 0 since it is continuous at t = 0. We can also analytically continue it to any l and thereby find the Regge trajectories for all values of t from eq. (3.13).
Eq. (3.12) is a suitable representation as long as the argument of the hypergeometric function has an absolute value less than or equal to one for all positive values ofy. This is the case for t in the range -~ < t ~< 2/~ 2. To continue to positive ranges of t we will use the transformation formula F(a, 3 where the hypergeometric series now converges for -4/a 2 < t < oo.
SLOPE OF THE POMERON TRAJECTORY AT t = 0
We compute the slope of the pomeron at t = 0 by using the equation D(a(t), t) = 0 and differentiating with respect to t. In more complete multiperipheral models which contain pomeron exchange as well as AFS ladders the D function will still contain an AFS kernel and the slope of the pomeron will still be dependent on the pion mass.
We can check the accuracy of our approximation by comparing it to the slope of the pomeron calculated from the BFT approximation [2] 
For a pomeron of intercept one, this gives a slope
This is in good agreement with the factorized kernel result (4.6) and gives a slope t Sp = 0.24 GeV -2.
BEHAVIOR OF TRAJECTORIES AT THRESHOLD
We can analytically continue the trajectory equation to t > 0 and investigate the behavior of the trajectories about the t channel threshold t = 4/z 2. In potential models it is known [6] that an infinite number of complex Regge poles accumulate at l = -½ as t approaches 4~ 2. We will show in this section that this property is also obeyed by the trajectories in the ABFST model with the factorizable kernel approximation.
We begin with the representation (3.14) valid for -4/a 2 < t < ~. We approach from below threshold by defining e=/a 2 -¼t>O and letting e -~ 0.
D(I, t)= 1 g2
f dy( y ~l+11 We also restrict our investigation near l = -½ and attempt to isolate the nature of the behavior near threshold rather than its exact numerical values. The hypergeometric function at l = -~ takes values between 1 and ½7r and we replace it by a mean value C 1 ~ ½1r. We then have
g2C1
; dy (__._y___ ) /+ 1 1 1
To simplify the integral we first approximate the square root by (.v 2 + 4/~2y)½. This is good except in the region y < e2/4/J 2, but we have evaluated the difference in this region and found it to be of order e 2/+2 "-e. Since the crucial behavior at l = -½ comes from y ~ 4/.t 2, we rewrite the integral as g2 C 1 I~ yl+l 1 D(l, t) = 1 161r 2 1+ I [g dy (ME)/+ 1 (e + y) (y2 + 4/j2y)½
3)
The first integral becomes a hypergeometric function which for small e and l near -½ becomes
In the second integral we encounter no difficulty in taking e --> 0 and setting l = x -2.
To leading order in 4#2/M 2 it is -2/M 2. The final result is then g2 { 11 
BEHAVIOR AT t -~ -+
In potential models, the leading trajectory approaches l = -1 as t ~ -+ oo. We will show that this is also true in the factorizable kernel approximation to the ABFST equation. In addition, we will investigate the asymptotic behavior of the nonleading trajectories.
(A) t-~ _oo
We investigate the behavior for t ~ -oo from the representation (3.12) which
shows that D(l, t) has a pole at l = -1. To get the residue of the pole we set l = -1 and use F(m, {, 1 ;x) = (1 -x)-~:
As t ~ -~ this gives a trajectory approaching -1 from above; 
8~2(_ t)
For the non-leading trajectories we must use a representation of D(/, t) obtained from (3.12) which is valid for Re l < -1 ;
The contribution of the integral of the first bracket is found to be = t-1 as t ~ -oo and will be neglected. In the second bracket, there is a great enhancement of the factor [0' + It +02) 2-tO2]/+~ for Re/< -1 neary = -¼t -02. In fact, for y "~ -~t ory >> -~t the integral of the second bracket is found to be cc lit and will be neglected. Thus to get the leading asymptotic behavior we concentrate on the integral of the second bracket in a region about y = -¼t as t ~ -oo: _ ¼t -8 (-t) < 
I= I--L-(--t/4U2) -1-2 p~_]_~)
2/a2 which is independent of 5. Finally we have
This is almost the same equation as derived by Gatto and Menotti [13] for the t -+ -~ limit of the Wick-Cutkosky model of the Bethe-Salpeter equation. They showed that this implied an accumulation of Regge poles at l = -2 as t -* -~, and no poles in any bounded region of Re l < -2 for (-t) sufficiently large. This is also true of our result (6.5) . To analyze the accumulation of poles at l = -2 let g2 l=-2+e, Xr = -t/41a 2-~. This gives an accumulation of trajectories at l = -2 which approach from the side Rean> -2; The principal value integral may be shown to vanish by the following steps. The hypergeometric function may be considered as a function of
For the integral from 0 to 1 -e we substitute z = (1 -x)/(1 + x), and for the integral from 1 + e to ~ we substitute z' = (x -1)/(1 + x). These integrals then will be seen to cancel as e ~ 0.
Then we have to leading order in l/t; P(½) P(l + 1)
D(l, t + ie) ~2-_,
r(t + ~) (6. 14)
The equation D(l, t) = 0 can only be solved for t ~ + ~" for a point near a pole of D(l, t). These occur at l = -n, n = 1,2, 3 .... and give the trajectories the asymptotic behavior.
an(t )
,-n ~ ig2 r(~)r(n-{) (6.15) t-*+** 87r2t F(n)
The trajectories approach to the negative integers from the positive imaginary direction as in potential models.
CONCLUSIONS
In this paper we have analytically solved the forward and non-forward ABFST equations in the simple factorizable kernel approximation. This approximation is reasonable as it retains the sources of/-plane singularities, leaves the//2 and t dependence of the pion propagators intact, and is continuous at t = 0. The approxima-tion gives an explicit denominator function D(l, t) from which the Regge trajectories of real and complex poles have been studied. We have calculated a reasonable slope for the pomeron trajectory at t = 0 and shown it to depend logarithmically on the pion mass tt 2, in contrast to the total cross section which is independent of/a 2 for small/a 2.
Although the ABFST equation is derived and solved in the s-channel physical region with t < 0, the explicit equation for the trajectories, D(a(t), t) = 0, can be analytically continued to t > 0. We have examined the region near threshold and found an accumulation of poles at ! = -~ which have the same behavior as in potential theory. Another similarity with potential theory is that the Regge poles approach to negative integers as t ~ + ~. It is encouraging that so many reasonable properties follow from such a simple approximation to the ABFST equation. This approximation may be of use as an input in more thoroughly unitarized bootstrap models where the exchange of the pomeron is included in the kernel. In addition, similar factorizable approximations may be useful in more complex kernels which have higher t-channel thresholds and could lead to trajectories which rise to higher l values for t positive.
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